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I. INTRODUCTION

D
YNAMIC state estimators (DSEs) are used for tracking the parameters and state variables of the component with nonlinear dynamics such as synchronous generators in the power systems. Obtaining accurately estimated results from DSEs is crucial in order to reliably carry out all applications which rely on results of DSEs. However, accuracy of the estimated results by the DSEs is affected by the measurements that are selected to perform dynamic state estimation. In most of the previously conducted studies in the area of power system dynamic state estimation, measurements are not selected using a systematic procedure, but simply assumed based on commonly metered quantities at the terminals of units [1] - [4] . This paper aims to make this selection more systematic by linking this choice to performance metrics of the dynamic state estimation.
Note that in the case of static state estimation, the issue of measurement selection which is directly related to observability analysis is addressed by checking the rank of the measurement jacobian. Manuscript Similarly for linear dynamic systems, observability analysis can be performed by evaluating the rank of the so called observability matrix associated with the system however this approach is valid only for linear time-invariant dynamic systems [5] , [6] . For nonlinear dynamic systems such as synchronous generators, observability of the dynamic state will depend on the operating point of the system. Hence, a dynamic system state may move around between weakly and strongly observable states during the daily operation for a given set of measurements. Observability analysis of nonlinear dynamic systems has drawn the attention of researchers in the past and various approaches have been developed. Among these methods, the use of so-called Lie Derivatives [6] - [8] appears to provide the type of information useful in analyzing dynamic state observability of synchronous generators. This approach is used in [6] , [7] to evaluate the level of observability for the assumed test systems where simplified classical model of the generators and approximated load models are considered for the simulations. It should however be noted that most machines and their associated control systems need to be represented by much more complicated models than the classical generator model. Furthermore, the observability analysis typically needs to be performed separately for each machine (without solving the equations for the entire network) in order to reduce the computational complexity of the Lie derivative computations to a manageable level, since even for a small power system the computational effort can be prohibitively heavy. In [9] the empirical observability Gramian is applied to evaluate the level of observability for the test system by obtaining the reduced Y bus of the system. Here the use of reduced Y bus presents a drawback since it is obtained using approximate constant impedance load models thus reducing the accuracy of the estimated results provided by DSEs.
In this paper, observability analysis of generator dynamic states will be carried out using two methods. The first method is the commonly used small signal approximation where the nonlinear machine equations are replaced by their first order linear approximations and then the well documented observability theory for linear systems will be used to analyze observability of the system. In the second approach, observability analysis of nonlinear dynamic equations will be carried out using the observability matrix built by computing the Lie derivatives. Results of these two approaches will be comparatively presented and checked against dynamic simulations of the dynamic equations of a two-axis model of a synchronous generator with IEEEType 1 exciter within a medium-size utility test system under various transients and using different sets of measurements. The level of observability associated with the considered system will be compared for different choice of measurements in order to identify the measurements that provide highest level of observability for this type of generator. Moreover, results of observability analysis will be validated by performing dynamic state estimation. Strongly (weakly) observable cases will be shown to converge (diverge) to (from) the true trajectory of the state variables during a transient.
II. OBSERVABILITY ANALYSIS OF THE MACHINES WITH COMPLEX NONLINEAR DYNAMICS IN THE POWER SYSTEMS
Power systems can be modeled by a set of differential algebraic equations (DAE) where the network algebraic equations are coupled with the differential equations of the generators (and dynamic loads) via their terminal voltage phasors (V T ,θ T ). Therefore, by assuming availability of voltage phasors at machine terminals (either directly measured or estimated), it is possible to isolate individual generator dynamics from the rest of the network equations and perform observability analysis on individual generators separately. The general form of the nonlinear dynamic state and measurement equations of a machine where the terminal voltage phasor is used as input can be expressed in compact form as follows:
where:
x is the vector of dynamic states of the generator, z is the measurement vector, u is the augmented input vector which includes the terminal voltage phasor as well as other inputs (u) associated with the
T ), w is the process noise, v is the measurement noise, f is the nonlinear vector function modeling machine dynamics, h is the vector function of available measurements. Isolated set of state dynamic and measurement equations given by (1) will enable observability analysis to be performed separately for individual machines. As a result, computational effort will be significantly reduced compared to the alternative approaches [6] , [7] , [9] where the overall DAE of the entire system are used for observability analysis. While the presented approach is general, for the sake of clarity, this paper will investigate observability analysis associated with the nonlinear dynamics of a two axis model of a synchronous generator with IEEE-Type 1 exciter and develop guidelines of selecting best set of measurements to achieve most accurate dynamic state estimation results.
A. Linear Approximation Based Method for the Observability Analysis of the Nonlinear Dynamics
Theory of observability for linear time-invariant dynamic systems is well established [5] . Outcome of observability analysis for such systems is binary, i.e. the system is found either observable or unobservable. This decision is based on the rank of the so called "observability matrix" which can be illustrated by considering the following linear dynamic system:
where A, B, C and D are constant matrices, x is the system state vector, u is the vector of input variables and z represents the vector of available measurements. Dimension of the state vector is assumed to be n. Observability matrix for this system can be constructed as:
The system will be observable if the row rank of the observability matrix is equal to n [5] . In the case of non-linear systems such as (1), a first order approximation for matrices A and C can be calculated at a given time-step k, and the corresponding approximate observability matrix (Õ k ) can be obtained as follows:
where,
Given the nonlinear time-varying behavior of the dynamic system, the outcome of observability analysis will also be time dependent. Furthermore, this outcome will no longer be considered binary, but the degree (or strength) of observability for a given measurement set at a given time instant will be of interest. One way to quantify this is by computing the smallest singular value of the approximated observability matrix at each time step. Higher (lower) values of the smallest singular value of the observability matrix indicates stronger (weaker) observability for a given measurement set [6] - [8] . Since observability is a local property, the smallest singular value of the observability matrix will change along the trajectory of x.
The main advantage of the linear approximation based approach for evaluating the observability of the nonlinear dynamics is related to its computational simplicity. However the linear approximation based results may occasionally lead to incorrect observability analysis in particular under highly nonlinear operating conditions involving synchronous machines. Hence, there is a need for a more precise method that can remain valid under such stressed conditions. Such an approach that is based on the Lie-derivatives will be presented for observability analysis in the next section.
B. Observability Analysis of the Nonlinear Systems Using Lie Derivatives
Observability analysis of nonlinear dynamic systems have been studied thoroughly in the past and a computationally demanding yet highly accurate method based on the so called Lie derivatives was developed [6] - [8] . In this section, Lie derivatives will be used to design an observability analysis approach which will provide a metric for determining the strength of observability for a given measurement set and an operating condition.
Consider the below given vector functions of state dynamics and measurements of a system described in (1):
where n and m are the number of state variables and measurements respectively. The Lie derivative of h with respect to f is defined as follows [7] :
Note that the zero order Lie derivative of h with respect to f is:
Higher order Lie derivatives can then be obtained by the following recursive equation:
After obtaining higher order Lie derivatives, the observability matrix O(x k ) of the nonlinear dynamic system at time step k can be constructed by substituting x k = x(k) in expressions (7) and (8):
As in the linear approximation case above, the smallest singular value of the observability matrix calculated at each time step can be used as a metric to track the strength of observability associated with the nonlinear dynamics of the system for the given set of measurements.
III. OBSERVABILITY ANALYSIS OF THE TWO-AXIS MODEL OF A SYNCHRONOUS GENERATOR WITH IEEE-TYPE 1 EXCITER
This section will illustrate details of observability analysis for a specific example, namely a two-axis model of a synchronous generator with IEEE-Type1 exciter. Initially, the linear approximation based approach will be employed to analyze observability. As mentioned earlier, this is an approximate approach which may lead to invalid results for certain cases. In order to evaluate validity of this approximation, the computationally more complex but more accurate Lie-derivative based approach will also be implemented. Then a set of measurements which will render the generator dynamic states strongly observable will be identified. Finally the results of observability analysis will be validated using a dynamic state estimator implemented as an unscented Kalman filter (UKF). This will be accomplished by illustrating its convergence to the true trajectory for those measurement sets that are identified as strongly observable based on Lie-derivative based approach.
The next section will briefly describe the dynamic model of a two-axis model of a synchronous generator and its IEEE-Type 1 exciter. This model will then be used in subsequent sections to simulate and test the above described observability analysis methods.
A. Dynamic Model of a Two-Axis Model of a Synchronous Generator With IEEE-Type 1 Exciter
The dynamical equations corresponding to the generator and exciter are given below. These are well-documented in literature [10] , [11] where more details can be found.
a) Dynamic equations of a two-axis model of a synchronous generator:
where: δ is the rotor angle, ω is the rotor speed, P M is the mechanical input power, E q and E d are d-axis and q-axis transient voltages, V T and θ T are generator terminal bus voltage magnitude and phase angle respectively, P e and Q e are the active and the reactive power delivered by the generator.
b) Dynamic equations of the IEEE-Type1 exciter:
where E fd , V f , and V R are field voltage, scaled output of the stabilizing transformer and scaled output of the amplifier (or pilot exciter) respectively [10] , [11] Also the definitions for the constant parameters associated with (11), (12) and (13) As mentioned above the dynamic equations given by (10) and (12) are related to the algebraic network equations through the machine terminal voltage phasors. Therefore observability analysis of individual machines can be performed independently by treating the terminal voltage phasor as a known input. Observability analysis will first be carried out using the linear approximation approach as described in Section II-A.
B. Implementation of the Linear Approximation Based Approach for Observability Analysis
Here the smallest singular value of the approximate observability matrix (given by (4)) associated with a generator-exciter set operating in a medium size power system (NPCC system of [12] ) will be obtained. The following assumptions will be made for the simulations: 1) A simulation time step of 0.02 seconds will be used.
2) Total simulation time will be 25 seconds.
3) Simulation scenario involves three line switching events occurring at t = 1, 6 and 15 seconds respectively. 4) Following categories of measurements will be considered: a) State variables associated with the generator and exciter. b) Active and reactive power delivered by the generator. Note that state variables such as E q , E d , V f and V R are not physically measurable. Furthermore, measuring variables δ and E fd may not be an easy task. Here there are two main reasons for assuming them as available measurements: (1) to be able to compare the level of observability for the generator-exciter set for these measurements versus the other physically available measurements indicated above. Hence, this may provide the necessary incentive to investigate ways of enabling measurement of such quantities either directly or indirectly. (2) To determine the smallest singular value of the observability matrix that is attainable for the ideal case where all state variables are assumed to be available as measurements (strongly observable case). Also try to identify a subset of actually measurable variables which will yield a level of observability commensurate with this ideal case.
Here the terminal voltage phasor of the generator is assumed as a known input along with P M . Therefore the augmented input vector associated with the state and measurement function vectors will be given by:
After calculating the smallest singular value of the approximated observability matrix the mean and standard deviations of the smallest singular values are obtained and used as a metric for the evaluation of the level of observability for a given measurement set and disturbance scenario. The mean and standard deviations of the smallest singular value of the approximated observability matrix are given in Table I . Fig. 1 . Smallest singular value of the observability matrix using linear approximation-δ is the measurement.
As evident from the results given in the Table I the mean of the smallest singular value associated with the approximated observability matrix will have the highest value when the delivered reactive power by the generator (Q e ) is used as a measurement. In other words, Q e measurement provides a higher level of observability for the nonlinear dynamics of the generator and exciter compared to all the other measurements. It is also peculiar to note that the mean of the smallest singular value for the ideal case of having all state variables measured, yields a lower value than the case of Q e only. This is possibly related to the linear approximation that is used to obtain the observability matrix.
Based on the results given in Table I , δ and E q appear to provide higher level of observability compared to the other state variables. Also the smallest singular value of the observability matrix remains zero during the simulations when any of the state variables associated with the dynamics of the exciter (E fd , V f and V R ) are used as measurements. As an example Figs. 1-3 show the trajectory of the smallest singular value of the approximated observability matrix when δ, Q e and all of the state variables are considered as measurements respectively.
As also mentioned earlier for the ideal case (where all of the state variables are used as measurements) the smallest singular value of the observability matrix remains lower than the case when only the delivered reactive power by the generator is used Fig. 2 . Smallest singular value of the observability matrix using linear approximation-Q e is the measurement. as measurements due to the linear approximation that is used for obtaining the observability matrix.
C. Implementation of the Lie-Derivatives Based Approach for Observability Analysis
In the previous section the linear based observability analysis approach for evaluating the level of the observability is investigated. Now the more precise Lie-derivatives based approach explained above in Section II-B will be considered and implemented for the observability analysis of this generator. Lie-derivatives based approach is used to obtain the smallest singular value of the observability matrix assuming the same measurements that are considered in the previous section. Table II shows the results for the calculated mean and standard deviations of the smallest singular value of the observability matrix using the Lie-derivatives.
In this case, as evident from the results listed in Table II the reactive power delivered by the generator (Q e ) yields a lower value for the calculated smallest singular value of the observability matrix than the ideal case (all of the state variables are used as measurements) and yet still provides the largest value compared to all other measurements. Comparing Fig. 4 . Smallest singular value of the observability matrix using Liederivatives-δ is the measurement. Tables I and II, the results that are obtained by using the Liederivative based approach validate majority of the results that are obtained by using the linear approximation method with the exception that the inconsistency regarding the ideal (reference) case is no longer present in Table II . Figures 4-6 show the plots of smallest singular values of the observability matrix using the Lie-derivatives when δ, Q e and all of the state variables are considered as measurements respectively. Comparing Figures 1 and 4 (or 2 and 5) it is also evident that the trajectories of the smallest singular value of the observability matrix obtained by the Lie-derivative versus the linear approximation based approaches are quite different. Again this illustrates the inaccuracies introduced by the use of linearization based approach for obtaining the observability matrix.
One of the goals of this paper is to identify a set of measurements which will yield the highest possible level of observability (close to the ideal case) associated with the dynamics of the two-axis model of the synchronous generator and IEEE-Type1 exciter. Figure 7 shows that by assuming both delivered active and reactive power as measurements a similar pattern for the smallest singular value of the observability matrix to the ideal case (shown by Figure 6 ) can be obtained. Here the mean and standard deviations of the smallest singular values are 4.12 and 1.835 respectively.
D. Validation of the Observability Analysis Results
Here some of the observability analysis results that are obtained based on the Lie-derivative based approach will be validated by investigating the corresponding dynamic state estimation results. Unscented Kalman Filter (UKF) [13] is used in implementing the dynamic state estimator. Based on the results obtained above in the previous sections for various measurements, the level of observability is found to go from a high value when using P e and Q e to lower values when these are replaced by Q e , E q , and P e in that order.
Note that E q ' is not physically measurable yet it is considered to make the evaluation comprehensive disregarding such physical limitations. Now for each of these measurements the result of estimated rotor angle will be shown. It should also be noted that each of these measurements are intentionally modified by an additive white Gaussian noise with standard deviation of 0.001 per unit. The following are assumed in the simulations: 1) Arbitrary initial values are considered associated with the state vector of two-axis model of the synchronous generator and IEEE_Type 1 exciter. 2) Simulation time-step is 0.02 second. 3) Measurement error covariance (R) associated with UKF (Details are described in [13] ) is chosen as: 4) State error covariance (Q) associated with the UKF (Details are described in [13] ) is chosen as: Q = 1e −4 × I m ×m where m is the total number of the measurements. Figures 8 and 9 show that the estimated results (indicated by dashed lines) converge to the true trajectory faster than the case shown in Figure 10 . However Figure 11 shows that if the active power output of the generator is the only measurement used then the estimated results will diverge from the true trajectory. This is consistent with the low level of observability (weakly observable) provided by the measurement P e as shown in Tables I and II . Figures 12 and 13 show the magnified version of trajectories shown in Figures 8 and 9 . These results showing faster and smoother convergence to the true trajectory are again consistent with the expectations based on the observability analysis results shown in the previous section where P e and Q e provide higher level of observability (close to the ideal case) than only Q e .
IV. CONCLUSIONS
This paper is concerned about proper observability analysis of dynamic states for synchronous generator and exciter systems. The main goal of the paper is to establish a systematic observability analysis procedure which can be used to customize the measurement (or sensor) selection for a given type of generator and associated control system. Following the description of two possible approaches to observability analysis (one simple but approximate and one complex but accurate), the paper presents validation results where strength of observability predicted by different measurement configurations is shown to be consistent with the ability of the dynamic estimator to track the true trajectory of the dynamic states. While the paper focuses on synchronous generator and exciter system, presented approaches can be readily applied to observability analysis and sensor selection for tracking dynamic and nonlinear loads.
APPENDIX
Here a simple example of obtaining Lie-derivatives for a classical generator model will be presented. Detailed description of Lie-derivatives method can be found in [8] and [14] .
Consider the differential equations associated with classical model of a synchronous generator given below:
where E is the constant internal voltage behind its direct axis transient reactance X d [10] . Assuming the delivered active power as the measurement Lie-derivatives can be computed using equations (6), (7), and (8):
where
The observability matrix associated with classical model of a synchronous generator can now be calculated using the Liederivatives obtained above and equations (9) and (10) . Here again the terminal voltage phasor of the generator (V T , θ T ) will be used as a known input in order to isolate the dynamical equations of the synchronous generator from the network equations.
